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Robust Aeroelastic Stability Analysis Considering
Frequency-Domain Aerodynamic Uncertainty
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The problem ofmodelingfrequency-domainaerodynamicuncertaintyfor a slenderwingstructure is investigated.
Based on an unsteady lifting-line theory used for the generalized aerodynamic forces, a quite versatile uncertainty
description with a clear physical interpretation is proposed. The uncertainty description is easily put in a form
suitable for application of the ¹ framework in robust linear control. Because only frequency response matrices
are required for the ¹ computations, the proposed uncertainty description can be used for robust stability and
performance analysis without rational function approximations of the aerodynamic transfer function matrices.
The usefulness of the uncertainty description and the methods available for robust aeroelastic stability analysis is
demonstrated by performing aeroelastic wind-tunnel experiments.

Introduction

A LTHOUGH the research area of robust stability and perfor-
mance analysis of aeroservoelasticsystems has evolved quite

recently,1 similar considerations for linear control systems have
longer traditions.2 Much progress has been made in the area of
robust linear control, and methods such as ¹ synthesis are consid-
ered state of the art for practice. However, the frequency-domain
methods practiced in linear control show many similarities with the
frequency-domain methods used for linear aeroservoelastic anal-
ysis. The important point made by Lind and Brenner1 is that the
stability criterion which paved the way for linear robust control can
be directly applied to aeroservoelasticsystems as well.

From an aeroservoelasticdesign point of view, the capability of
computing for example robust stability margins is most desirable.
As discussed by Kuttenkeuler and Ringertz,3 there are cases where
aeroelastic design optimization of wing structures might actually
lead to degraded performance if care is not taken. To avoid such
scenariosand take full advantageof the use of optimizationmethods
for design, system uncertainties and de� ciencies of the numerical
model have to be accountedfor in the optimization.The ¹ approach
has provided means to develop robust design schemes, and a very
recent example is the work by Moulin et al.,4 where uncertainty in
the inertial properties of an external store load on a wing structure
is considered.

If a multidisciplinaryanalysis is to be used for optimal design, a
suf� cient accuracy in the disciplinary analyses (such as structures,
aerodynamics,and controls) is a prerequisite.However, the useful-
ness of a robust analysis for design purposes also depends on the
availability of a realistic uncertainty description. It is well known
that a poor uncertainty description can result in an overly conser-
vative analysis,1 which is likely to be useless for design purposes.
Robust analysis and design must therefore be preceded by the de-
velopment of realistic and accurate uncertainty descriptions.

Considering aeroservoelastic analysis, the most signi� cant dif� -
culty is the computation of unsteady aerodynamic forces. Because
of the complex nature of unsteady aerodynamics, the aerodynamic
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loads caused by, for example, control surface de� ections, are typ-
ically associated with some level of inaccuracy. For the purpose
of robust optimal design, a useful aeroservoelastic analysis must
therefore consider aerodynamicuncertainty. In this study an uncer-
taintydescriptionfor frequency-domainslenderwing aerodynamics
is proposed and demonstrated. The frequency-domain uncertainty
description is well suited for the ¹ framework and is believed to be
useful in future studies on robust aeroservoelasticdesign.

Frequency-Domain Aeroelasticity
The experimental system on which the present study is based is

shown in Fig. 1. A � exible wing with a controllable trailing-edge
� ap is vertically mounted in a low-speed wind tunnel at Kungliga
Tekniska Högskolan. The elastic deformations, in terms of out-of-
planede� ections y j at four different locationson the wing, are mon-
itored by an optical measurement system. The optical system also
featuresa real-timemode, making it possible to use the outputs y j in
a closed-loop feedback system for studies on aeroelastic control.5;6

In Borglund and Kuttenkeuler5 a very detailed description of the
� exible wing can be found, including planform, structural design,
material properties, inertial properties of all main components, and
the locations of the optical markers.

The governing equations for small-amplitude motion of a wing
structure in low-speed air� ow is typically derived by combining
a linear � nite element structural analysis with a linear unsteady
potential � ow method for the aerodynamic forces. To obtain an
ef� cient aeroelastic stability or frequency response analysis in the
frequency range of interest, the standard procedure is to transform
the linear equations of motion to the Laplace domain and introduce
modal (or generalized)coordinatescorrespondingto the M � rst in-
vacuum vibration modeshapes.3 The Laplace domain equations of
motion can then be written in the form

[Ip2 C 2³ ­ p C ­ 2 ¡ qA.pb=u/]´.p/

D [ f p2 C qa.pb=u/]±.p/ (1)

y.p/ D C´.p/ (2)

where ±.p/ is the transformof the � ap de� ection, ´.p/ is the trans-
form of the vector of modal coordinates,and p is the Laplace vari-
able.Normalizingso that thegeneralizedmassofeachof the selected
vibration modes is one, the generalized mass matrix is the M £ M
identity matrix I, and the generalized stiffness matrix ­ 2 is diago-
nal with the squares w2

j of the M in-vacuum vibration frequencies
on the diagonal. Further, structural damping is approximately ac-
counted for by introducing a uniform modal damping ³ . Based on
experimental damping estimates, the value ³ D 0:004 was found to
be representative for the frequency range of interest.
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Fig. 1 Schematic layout of the wind-tunnel experiment.

The transfer function matrix A.pb=u/ represents the generalized
aerodynamic forces in the Laplace domain and depends on the re-
duced Laplace variable pb=u (Ref. 7). The aerodynamic reference
length b is typically chosen as the wing mean semichord, and u is
the freestreamairspeed.The forces produced by the � ap motion are
determinedby the generalizedvectorof inertialforces f and the gen-
eralized vector of aerodynamic forces a. pb=u/. The aerodynamic
load magnitude is represented by the freestream dynamic pressure
q D ½u2=2, ½ being the air density. Finally, the vector of measured
wing de� ections y. p/ is related to the modal coordinates through
the generalized output matrix C.

The aeroelastic frequency response caused by simple harmonic
motion of the � ap is obtained by evaluating Eqs. (1) and (2) for
p D i!, where ! is the circular frequency of motion. Note that the
aerodynamic frequency response matrices depend on the reduced
frequency k D !b=u, which for a given airspeed u and frequency!
is a known parameter.Usinga more compactnotation,the frequency
response of the system can then be written as

Q.i!; u/´.!/ D q.i!; u/±.!/ (3)

y.!/ D C´.!/ (4)

If there exists a combinationof the airspeedu and frequency! such
that the total frequency response matrix Q.i!; u/ is singular, this
means that there exists a nonzero´.!/ such that Q.i!; u/´.!/ D 0.
This conditionrepresentsself-sustainedoscillationsof thewing.The
lowest airspeedat which this condition can be satis� ed by some fre-
quency ! is thus the � utter speed, and the correspondingfrequency
! is the � utter frequency.

A well-known method for computation of the � utter boundary is
the so-called p-k method,8 in which the inertial frequency response
matrix I.i!/2 in Q.i!; u/ is replacedby the transfer functionmatrix
I p2. The resulting nonlinear eigenvalue problem Q.p; u/´.p/ D 0
is then solved for the approximate poles p (the p-k eigenvalues)
for increasing airspeed. The lowest airspeed at which some pole
becomespurelyimaginary, p D i!, is the � utterspeed.An advantage
with this method is that not only the � utter boundary is computed,
but also the approximate locationsof the poles at subcriticalspeeds.
Another important conclusion is that only the frequency response
A.ik/ of the unsteady aerodynamic forces is required to compute
the � utter boundary.

Previous Work
In the previous study of Borglund and Kuttenkeuler,5 the equa-

tions of motion, Eqs. (1) and (2) for the wing structure in Fig. 1, are
obtained by combining linear beam theory with Theodorsen’s two-
dimensionalpotential� ow theoryfor the spanwiseloaddistribution9

and discretizingusing beam � nite elements.The result of a p-k � ut-

Fig. 2 Real part of the critical p-k eigenvalues vs airspeed u, using the
theories by Theodorsen and Reissner.

ter analysis based on this model is shown in Fig. 2, where the real
part of the two dominant p-k eigenvaluesare displayed vs airspeed
(dashed lines).

The wing is predicted to suffer a f D 3:1 Hz � utter instability
in the � rst mode when the pole p1 crosses the stability boundary
Re p D 0 at u D 20:4 m/s. However, in the experiment the wing
displays a f D 6:4 Hz � utter instability in the second mode at
u D 16:0 m/s, meaning that thepole p2 actuallymoves into theunsta-
ble regionat this speed.Obviously,themodelbasedonTheodorsen’s
theory is not quite capable of predicting the � utter instability ob-
served in the experiment.

In the work reported in Borglund and Kuttenkeuler5 and
Borglund,6 the second mode � utter instability was suppressed by
active closed-loopcontrol of the � ap such that the margin to the sta-
bility boundary was increased for the uncertain pole p2 . A semiem-
pirical approach was adopted, where the stability margin was in-
creased step by step until the wing was stabilized in the experiment.
By this, the feasibility of the control law design was veri� ed, but
the results called for an inclusion of the model discrepanciesin the
design process. However, even if an appropriate representation of
the modeling uncertainties would be available, the p-k framework
does not allow for a computation of a robust stability margin.1

To apply the results from robust control, the aeroelastic model
must be completed by a description of the uncertainties. For the
present problem the previous studies have clearly indicated that
the fairly simple representationof the unsteady aerodynamic loads
(neglecting � nite span effects) is the dominant model de� ciency.
Besides thepotentialdif� culty that themodelbasedonTheodorsen’s
theory is too poor of a nominal model, which can easily make a
robust analysisoverly conservative,it is not obvioushow to derive a
realistic uncertainty description. Therefore, an aerodynamic model
based on Reissner’s unsteady lifting-line theory for slender wings9

was developed, which at the same time provided a useful structure
for frequency-domainaerodynamic uncertainty.

Lifting-Line Aerodynamics
Based on slender-wing assumptions, Reissner derives a

frequency-domain integro-differential equation of the lifting-line
type.9 The equationrelates the downwash of wing vibrationmode m
and the resulting spanwise circulation distribution 0m.y; k/, where
y 2 [0; L] denotesthe spanwisecoordinateand L thewing semispan.
Reissnerproceedsby replacingtheunknown0m .y; k/ bya truncated
Fourier expansion

0m .y; k/ D
NX

n D 1

°mn.k/’n.y/ (5)

where the real-valued shape functions ’n.y/ satisfy ’n.L/ D 0 and
the � rst shape function ’1.y/ corresponds to an elliptic load dis-
tribution. The condition of vanishing circulation at the wing tip
is thus identically ful� lled by the expansion. When inserted into
the integro-differential equation, a system of equations for the N
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Fig. 3 Bode representation of the measured and predicted frequency
response g1(i!; u) at u = 15.0 m/s.

Fourier coef� cients °mn.k/ is formed by evaluating the equation at
N different spanwise stations for a � xed reduced frequency k.

The procedure proposed by Reissner was applied to the present
problem with a somewhat re� ned numerical treatment. The � rst
N D 7 Fourier coef� cients for the M D 5 � rst free vibration modes
and the � ap mode were computed for a discrete set of reduced fre-
quencies, from which intermediate values are obtained by interpo-
lation. For the purpose of � utter analysis, the aerodynamic loading
can usually be modeled with suf� cient accuracy using only a few
terms (as low as three or four) in the expansion Eq. (5) (Ref. 9).
However, the � ap mode might require additional terms as a result of
the more local variation of the circulation along the span. Finally,
the correspondingaerodynamic frequency response matrices A.ik/
and a.ik/ were derivedby computingconsistentaerodynamicnodal
forces in the wing � nite beam elementmodel and introducingmodal
coordinates.

The result of a p-k � utter analysis using the improved aerody-
namic model is compared to the preceding model in the graph of
Fig. 2 (solidlines).The improvementof the � utterpredictionis clear.
With the lifting-line aerodynamics the wing is predicted to suffer a
f D 6:3 Hz � utter instability in the second mode at u D 16:9 m/s,
which is very close to the experimental values f D 6:4 Hz and
u D 16:0 m/s. Further, the critical speed for the � rst mode is in-
creased to u D 24:0 m/s.

The in� uence of the � ap is also predicted with good accuracy,
as can be deduced from the Bode diagram of the open-loop fre-
quency response g1.i!; u/ D y1.!/=±.!/ at u D 15:0 m/s in Fig. 3.
The frequency response functions (FRFs) for the outputs are easily
computedby combiningEqs. (3) and (4) and solvingfor y.!/=±.!/.
Considering the complexity of the system, the agreement between
the predictedand measured magnitudeand phase, as well as the res-
onance frequency, is quite remarkable.The remainingoutputs show
a similar level of agreement.

As reported in Borglund and Kuttenkeuler,5 the model based
on Theodorsen’s results consistently overpredicted the magnitude
of the frequency response in Fig. 3 by a factor of approximately
two, whereas a similar level of agreement was obtained for the
phase angle. Taking the improved � utter prediction into account,
the present model is therefore considered to be a more promising
nominal model, which is to be completedby an uncertaintydescrip-
tion. The improvements also verify that the aerodynamic model
was the dominant model de� ciency, and it is reasonable to assume
that the remaining discrepancies are still caused by aerodynamic
uncertainty.

Aerodynamic Uncertainty
Using Reissner’s approach for solving the lifting-line integro-

differentialequation, the resultingaerodynamicfrequencyresponse
matrices can be written in the form

A.ik/ D A0.k/ C
MX

m D 1

NX

n D 1

°mn.k/Amn.k/ (6)

a.ik/ D a0.k/ C
MX

n D 1

°M C 1;n.k/an.k/ (7)

where °mn.k/ are the circulation (or loading) coef� cients in the ex-
pansionEq. (5).For a more convenientnotationthe � apmode is con-
sidered as the aerodynamic mode m D M C 1. The corresponding
matrices Amn.k/ thus represent the generalizedaerodynamic forces
caused by the component °mn.k/’n.y/ of the circulatory load dis-
tribution 0m .y; k/ for vibration mode m. Further, the matrix A0.k/
represents the noncirculatory aerodynamic loads. In fact, the non-
circulatory loading does not vanish at the wing tip in Reissner’s
approximation.However, the aerodynamicinductioneffects associ-
ated with the noncirculatory part (which does not produce a wake)
appear to be small.9

Facing the problem of modeling frequency-domainaerodynamic
uncertainty, a crucial observation is that the circulatory part of the
generalizedaerodynamicloads is completelydeterminedby the co-
ef� cients °mn.k/. For example, °11.k/ represents the magnitudeand
phase shift of the purely elliptical component of the aerodynamic
load distribution for the � rst free vibration modeshape. Assuming
that the true loading can be represented by Eqs. (6) and (7) for
some coef� cients Q°mn.k/ and that the nominal coef� cients °mn.k/
are close to Q°mn.k/, a straightforwardstructure for the aerodynamic
uncertainty is obtained by writing

Q°mn.k/ D °mn.k/[1 C ®.k/wmn.k/±mn] (8)

where the norm-bounded relative uncertainties in the coef� cients
°mn.k/ are scaled such that ®.k/ is the maximum upper bound,
0 < wmn.k/ · 1 are the scaledupperbounds,and thecomplex-valued
uncertainparameters±mn have j±mn j · 1. This means that all weights
wmn.k/ D 1 if all coef� cients °mn.k/ have the same upper bound on
the relative uncertainty. Not to get an excessively large uncertainty
description,it might be suf� cient to model only the most signi� cant
coef� cientsas uncertain.This will be discussedfurther in the section
on model validation.The model including aerodynamicuncertainty
is obtained by simply using Q°mn instead of °mn for the uncertain
coef� cients. The uncertain frequencyresponse matrices can then be
written as

QA.ik/ D A.ik/ C ®.k/
X

m

X

n

±mnwmn.k/°mn.k/Amn.k/ (9)

Qa.ik/ D a.ik/ C ®.k/
X

n

±M C 1;nwM C 1;n.k/°M C 1;n.k/an.k/ (10)

where A.ik/ and a.ik/ are the nominal matrices in Eqs. (6) and (7)
and the summations are taken over the uncertain coef� cients.

The frequency-domain aerodynamic uncertainty represented by
Eqs. (9) and (10) is quite versatile and has a clear physical interpre-
tation. Different values of the uncertain parameters ±mn correspond
to a variation of the magnitude and phase shift, as well as the shape
of the aerodynamicloading.With the proposeduncertaintydescrip-
tion, the uncertain contribution to the loading will not affect the
condition of vanishing circulation at the wing tip.

If A.ik/ and a.ik/ are replaced by QA.ik/ and Qa.ik/ in Eq. (3),
giving

[I.i!/2 C 2³­ i! C ­ 2 ¡ q QA.i!b=u/]´.!/

D [ f .i!/2 C q Qa.i!b=u/]±.!/ (11)

it is now assumed that the true frequency responsecan be generated
by the uncertain system Eq. (11) for some uncertainty represented
by the set de� ned in Eq. (8).
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Fig. 4 Uncertain system in the
form of a linear fractional
transformation.

Model Validation
With the aerodynamic uncertainty description at hand, the ¹

framework in robust linear control allows for both an estimation
of the amount of uncertainty present in the model and a subsequent
robust stability analysis.1 To use these methods, the aeroelasticsys-
tem (or plant) de� ned by Eqs. (11) and (4) is written in the form
of the linear fractional transformation illustrated in Fig. 4. For the
present problem this is accomplished by introducing the signals

wmn.!/ D ±mnzmn.!/ (12)

where zmn.!/ denotes the input signals to the uncertain parameter
±mn and wmn.!/ denotes the uncertain output signals. Based on the
system frequency response Eqs. (11) and (4), it is then a straight-
forward matter to derive the frequencyresponse matrices from each
of the plant input signals wmn.!/ and ±.!/ to each of the plant
output signals zmn.!/ and y.!/. For this problem the normalized
uncertainty matrix ¢ is diagonal with the blocks ±mnIM £ M on the
diagonal. In particular it can be noted that k¢k1 · 1 and that the
partition P22.i!; u/ is the nominal frequency response matrix be-
tween ±.!/ and y.!/ in the absence of uncertainty.With the scaling
used in Eq. (8), ®.k/ is the upper bound on the 2-norm (the max-
imum singular value) of the nonscaled uncertainty matrix with the
blocks ®.k/wmn.k/±mn IM £ M on the diagonal.

As suggested in Lind and Brenner,1 the ¹ validationtest proposed
in Kumar and Balas10 is used to estimate the amount of uncertainty
presentin themodel.At thispoint it shouldbe noted that the standard
¹ framework is based on the Small Gain Theorem for rational trans-
fer function matrices,1 whereas the aerodynamic transfer function
matrices underlying Eq. (1) have a nonrational dependence on the
Laplace variable.7 Consequently, if rational function approxima-
tions are used for the aerodynamic transfer function matrices1;4;11

the standard ¹ framework is applicable. It is however proposed that
based on a more general Small Gain Theorem12 the very same nu-
merical procedures for computation of upper and lower bounds on
the structured singular value ¹ can be applied to the true frequency
response matrices of linear aeroservoelasticsystems.

Consider now the single-input/single-output (SISO) FRF
g j .i!; u/ between ±.!/ and the output y j .!/. Recall for exam-
ple the Bode diagram of g1.i!; u/ in Fig. 3. For each value of the
frequency used in the experiment, there is an experimental FRF
g¤

j .i!; u/ and a corresponding nominal prediction g j .i!; u/. As
shown in greater detail in Kumar and Balas,10 the uncertain plant
with k¢k1 · 1 can match the experimental data identically for an
uncertainty norm ®.k/ if the structured singular value

¹val.!; u/ D ¹
¡
P11 ¡ P12

¡
P22 ¡ g¤

j

¢¡1
P21

¢
¸ 1 (13)

Here, the plant partitions are those corresponding to the considered
single output, meaning for example that P22.i!; u/ is the nominal
SISO FRF g j .i!; u/. Further, if ¹val.!; u/ ¸ 1 the uncertain model
will still validate the data if the norm ®.k/ is reduced by a factor
¹val.!; u/. Hence, the minimum norm of the uncertaintyrequiredto
validate the experimental data can be computed, which is very de-
sirable in order not to make the subsequent robust stability analysis
overly conservative.

The described approach is applied to the present problem us-
ing the ¹ toolbox13 in MATLAB®. The � rst problem encountered
is to decide which parameters should be modeled as uncertain.
There are R D .M C 1/ £ N D 42 coef� cients °mn.k/ in total for
the present problem, which, if all were assumed uncertain, would

Fig. 5 Modelvalidationat u = 15 m/s based on the measured frequency
response data in Fig. 3. The horizontal line indicates the minimumvalue
¹val(!; u) = 7.5.

give an .R £ M/ £ .R £ M / D 210 £ 210 uncertaintymatrix ¢. To
avoid unnecessaryconservatismand reduce computationaleffort, it
is therefore desirable to include only the most signi� cant coef� -
cients representing the likely uncertainty mechanism. Numerical
experiments clearly reveal that this selection process can be moti-
vated on physical grounds. It appears that a good rule to obtain a
representative reduced size uncertainty model is to select the � rst
few coef� cients corresponding to the mode shapes dominating the
motion pattern in the frequency range of interest.

The results from the frequency response and p-k � utter analyses
suggest that the aerodynamic loading for the three � rst vibration
mode shapes and the � ap mode should be modeled as uncertain
for the present system. Selecting the three � rst coef� cients of these
modes results in 12 uncertain parameters ±mn and a 60 £ 60 uncer-
tainty matrix ¢. The model is � rst validatedagainst the FRF data in
Fig. 3 using the weights wmn.k/ D 1 and uncertaintynorm ®.k/ D 1.
Computing the lower bound on the corresponding ¹val.!; u/ gives
the result presented in the graph of Fig. 5. The model will still be
validated for all experimental data points if the uncertainty norm
is reduced by a factor 7.5. It is thus suf� cient to use the norm
®.k/ D 1=7.5¼ 0:13. Somewhat loosely, the result can be inter-
preted as if a 13% uncertainty in the unsteady aerodynamic loads
is required to validate the experimental data. The results for the re-
maining outputs closely resemble those presented in Figs. 3 and 5
for the � rst output, and the constant norm ®.k/ D 0:13 is assumed
to be representative in the airspeed range of interest.

Note the correlation between the ¹ validation in Fig. 5 and the
FRF comparison in Fig. 3. A higher value of ¹val.!; u/ means that
less uncertainty is required to make up for the discrepancybetween
the experimental and nominally predicted FRFs. Consequently, a
higher value of ¹val.!; u/ in Fig. 5 is expected at those frequencies
where the FRFs are close in Fig. 3. This is exactlywhat is observed,
and the physical interpretation of the ¹ validation is quite clear in
this case.

Using an uncertainty description with the same relative uncer-
tainty ®.k/wm .k/±m in the coef� cients °mn.k/, n D 1; : : : ; N corre-
sponds to a model with an uncertain modal participation in the cir-
culatory loading. With this structure only one uncertain coef� cient
±m per considered mode results, but the capability of varying the
shape of the aerodynamic load distributions is lost. For the present
problem a 20 £ 20 uncertainty matrix results when using the more
restricted structure, but an approximately 15% increase of the un-
certainty norm is required to validate the model. This indicates that
including the shape of the modal loading in the uncertaintydescrip-
tion makes a difference and that the more simple structure can be
useful. In this case it is possible that the more general uncertainty
description,to some extent, compensatesfor the effectof the vertical
plates located close to the wing tip (see Fig. 1).

Robust Stability Analysis
Provided that the nominal system is stable at a particular air-

speed u (which is true for airspeedsbelow the nominal � utter speed
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Fig. 6 Structured singular value ¹RS(!; u) vs frequency at the air-
speed u = 13.5 m/s.

u D 16:9 m/s), the wing is robustlystable subject to the aerodynamic
uncertainty if

¹RS.!; u/ D ¹[P11.i!; u/] < 1 (14)

for all frequencies w > 0 (Ref. 1). The robust � utter speed is now
computed by considering a discrete set of frequencies ! j in the
frequency range of interest and increasingthe airspeedu until some
¹RS.! j ; u/ D 1. In Fig. 6 the upper bound on ¹RS.!; u/ is shown vs
frequency at u D 13:5 m/s. At this speed ¹RS.!; u/ just touches the
stability boundary ¹RS.!; u/ D 1, and increasing the speed results
in ¹RS.!; u/ > 1 for some frequencyrange.Consequently,the result
of the robust stabilityanalysis is that a � utter instabilityin the 6.5-Hz
range can result from u D 13:5 m/s and higher.

At the experimental � utter speed u D 16:0 m/s, the � utter fre-
quency f D 6:4 Hz is part of the frequency range in which
¹RS.!; u/ > 1, and the � utter instabilityobserved in the experiment
is one of the possible outcomes predicted by the robust stability
analysis. In this case the robust stability analysis is expected to be
somewhat conservative.This is because the uncertainty associated
with the � ap mode affects the FRF data used for the model vali-
dation (and might hence increase the uncertainty norm required to
validate the data), but not the open-loopstability of the wing. Using
the weights wmn.k/ D 1 for the � ap mode and the vibration modes
means that they are assumed to have the same relative uncertainty.
However, it is likely that the � ap mode is more uncertain than the
vibrationmodes,which can be enforcedby usingvalues wmn.k/ < 1
for the vibration modes. This would however require additional ex-
perimentsin order to determinetheproperweighting.Finally, it must
also be emphasized that no uncertainty in the experimentaldata has
been considered, which might be necessary in the general case.

Conclusions
The problem of modeling frequency-domain aerodynamic un-

certainty for slender-wing structures has been investigated. Using
Reissner’s unsteady lifting-line theory for the generalized unsteady
aerodynamic forces, a quite versatile uncertaintydescriptionwith a
clear physical interpretation was proposed. With this approach the
aerodynamic uncertainty was represented by uncertain coef� cients
in a Fourierexpansionof the spanwiseaerodynamicloadingfor each
vibration modeshape. To avoid making the uncertainty description
excessively large, the proposal to model only a subset of the coef� -
cients as uncertainwas made. It was suggested to select the � rst few
Fourier coef� cients corresponding to the mode shapes dominating
the motion pattern in the frequency range of interest.

It is also shown that a somewhat simpli� ed structure of the un-
certaintycan be interpretedin terms of a model with uncertainaero-

dynamic modal participation. This simpli� ed uncertainty descrip-
tion is not dependent on the method used for computing the aero-
dynamic frequency response matrices, is not restricted to slender-
wing aerodynamics, and requires a minimum number of uncertain
parameters.

Because only the aerodynamic frequency response matrices are
required for the ¹ computations, the proposed frequency-domain
uncertainty description can be used for robust stability and per-
formance analysis without rational function approximations of the
aerodynamictransfer function matrices. An advantagewith this ap-
proach is that potential modeling errors introduced when using ra-
tional function approximationsare avoided.

The computational cost using the frequency-domainapproach is
comparableto thatof a rational functionapproachbecausethe rather
expensivecomputationsof the aerodynamicfrequencyresponsema-
trices are required in both cases. Regarding the robust � utter analy-
sis, the main difference is that the aerodynamic forces at a speci� c
frequencyare obtainedby interpolationin the frequency-domainap-
proach (similar to a p-k � utter analysis),whereas a rational function
approach bene� ts from an explicit dependence on frequency.

The proposeduncertaintydescriptionis appliedto a slender-wing-
type wind-tunnelmodel in low-speed air� ow. For this case it is pos-
sible to validate the uncertainmodel againstexperimentalfrequency
response data, and a subsequent robust stability analysis succeeds
in predicting the experimental � utter instability.These results indi-
cate that the model of the unsteady aerodynamics is the dominant
model de� ciency and that the proposed uncertainty description for
frequency-domainaerodynamic uncertainty is useful in practice.
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